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I  
1. INTRODUCTION 
A. Previous Work 
Symmetr ies have long been used to make predict ions about the 
behavior of  a system of  part ic les,  even when the form of  the interact ion 
between part ic les is  not known. I f  the symmetry can be expressed as 
invar iance of  physical  quant i t ies under a group of  t ransformat ions, the 
behavior of  the system wi l l  be great ly restr icted. 
The most widely appl ied group of  t ransformat ions has been ^he group 
of  rotat ions and ref lect ions in three dimensions. The usual  procedure is  
to express physical  ampl i tudes as a sum of  i r reducible representat ions 
of  th is group. Products of  ampl i tudes may be expressed in terms of  i r re­
ducible representat ions wi th the aid of  the Clebsch-Gordan ser ies and 
recoupl ing coeff ic ients.  This procedure is  known as harmonic analysis 
and provides a systemat ic approach to symmetry groups. 
Whi le the importance of  the Lorentz group In physics is  wel l  estab­
l ished, the uni tary representat ions of  the Lorentz group have been used 
infrequent ly in the solut ion of  physical  problems. One reason is  that  the 
var ious funct ions necessary for  harmonic analysis on the Lorentz group 
have not been studied as thoroughly as in the case of  the rotat ion group. 
The f in i te dimensional  representat ions of  the Lorentz group have 
long been known. These representat ions are obtained from the representa­
t ions of  the rotat ion group in four dimensions by the "uni tary t r ick."  
Since the Lorentz group Is noncompact any uni tary representat ion must be 
inf in i te dimensional .  In 19^5 Dlrac (1) pointed out several  uni tary 
representat ions and posed the problem of  c lassi fy ing al l  I r reducible 
uni tary representat ions.  In 19^7 Har ish Chandra (2) proved that  In uni tary 
2  
representat ions the two invar iants of  the Lorentz group have the values 
2 2 2 2 J « K  =  - t v  3  J - K = ^ - v - l  
where ^  is hal f  integral  and v is  real .  In the case ^  = 0 v may a lso 
be pure imaginary wi th [v[<l .  
Gel ' fand and Naimark (3) (4)  constructed representat ions of  the 
Lorentz group on the space of  complex valued funct ions f  (z) ,  z = x + iy 
for  which 
Jj*  | f  (z)  1^ dx dy < œ .  
Whi le the space of  complex valued funct ions is  convenient f rom a 
mathematical  standpoint^ i t  has not been used in the solut ion of  physical  
problems. The main disadvantage is  that the complex var iable z has no 
immediate physical  interpretat ion.  In physical  problems one encounters 
funct ions of  one or more four vectors which t ransform according to the 
Lorentz group. For example scalar f ie lds sat isfy the transformat ion law 
X) (AX )  » 
Dolginov et  a l .  (5)(6)(7) j  der ived uni tary representat ions of  the 
Lorentz group in a form which is  more useful  to physic ists.  The resul tSj  
which were obtained by analyt ic cont inuat ion of  uni tary representat ions 
of  the four dimensional  rotat ion group^ are not in the most convenient 
form. In 1965 Strom (8) obtained certain matr ix elements by integrat ing 
di f ferent ia l  re lat ions.  The general  matr ix element was then to be found 
by ladder operators.  In 196/ Strom (9) found an expression for  the 
general  matr ix element by a d i f ferent method. 
In the above work states in a representat ion are labeled by the ro­
tat ion group. However,  the Lorentz group also contains the conformai 
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group in a plane and the three dimensional  Lorentz group as subgroups. 
In certain problems i t  may be convenient to take a basis in which states 
are labeled by one of  the lat ter  subgroups. For example,  i t  would be 
more convenient to expand a funct ion of  a l ighf l ike four vector in terms 
of  the conformai group basis s ince the conformai group in a plane is  the 
l i t t le group of  a l ight- l ike vector.  A number of  advantages of  the conformai 
group basis are discussed by Chang and 0 'Rai feartaigh (10).  In addi t ion 
they der ive the t ransformat ion coeff ic ient  re lat ing angular momentum states 
and conformai group states for  the case j  = m. 
In th is thesis the angular momentum and conformai group bases are 
studied. The re lat ionship between these bases is  expressed by the Iwasawa 
decomposi t ion of  the Lorentz group. This decomposi t ion impl ies that  every 
Lorentz t ransformat ion may be wr i t ten as the product of  a rotat ion and a 
conformai group element.  This re lat ionship provides a s imple der ivat ion 
for  many of  the funct ions needed for  harmonic analysis on the Lorentz 
group. 
B. Work Done in This Thesis 
Chapter 2 contains a number of  wel l  known resul ts concerning Lie 
groups which wi l l  be required in later chapters.  Chapter 3 is  a summary 
of  wel l  known resul ts concerning the Lorentz group and Poincaré group. 
In chapter 4 representat ions of  the Lorentz group are constructed 
in a conformai group basis.  The matr ix elements of  a general  Lorentz 
t ransformat ion are der ived in th is basis.  Final ly the expansion coef­
f ic ient  connect ing a conformai group state wi th an angular momentum state 
is  der ived. These resul ts are or ig inal  wi th the except ion of  the expansion 
coeff ic ient  f- '  for  the case j  = m which has also been calculated by Chang 
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and 0 'Raîfeartaigh (10).  
Matr ix elements of  the Lorentz group in an angular momentum basis 
are considered in chapter 5.  Expressions for  these matr ix elements have 
been der ived by several  authors (7)(10).  However^ the method of  sect ion 
A is  or ig inal  and resul ts in several  new expressions for  the matr ix 
elements.  In addi t ion the symmetr ies of  matr ix elements are very easy to 
der ive by th is method. In sect ion B a new integral  representat ion for  the 
matr ix elements is  der ived and is  used in sect ion C to der ive the asympto­
t ic  form of  the matr ix elements.  The or thogonal i ty re lat ions for  the 
matr ix elements have been l is ted by Dolginov and Moskalev (7)= An a l ter­
nat ive proof of  the orthogonal i ty re lat ions is  presented in sect ion D. 
In chapter 6 harmonic funct ions for  the Poi  ncare group are considered» 
In sect ion A harmonic funct ions in an angular momentum basis are der ived. 
Any wave funct ion may be expanded in terms of  these funct ions.  In sect ion 
B a corresponding set  of  Lorentz harmonics is  der ived in a conformai 
group basiso The resul ts of  chapter 6 are or ig inal  wi th the except ion of  
the angular momentum basis for  the case of  spin zero which has been der ived 
by (11 ) (12)(13).  
This work suggests a number of  possible direct ions for  future work.  
In order to expand funct ions of  space- l ike four vectors i t  would be useful  
to have matr ix elements in a basis labeled by the 3 dimensional  Lorentz 
groupj  0(2^1).  The expansion coeff ic ients relat ing the 0(2^1) basis to 
the conformai group and rotat ion group bases would be useful .  Final ly the 
Clebsch-Gordan coeff ic ients for  the Lorentz group have been studied very 
l i t t le.  Most of  the avai lable resul ts are in terms of  the space of  funct ions 
of  a complex var iable.  
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11. LIE GROUPS 
A. Introduct ion 
An abstract  group is  a set  of  elements G which possess a law of  compo­
s i t ion that associates wi th every ordered pair  of  elements x,y a unique 
element z in G. The fo l lowing condi t ions must be sat isf ied.  
1.  Associat ive law: 
x(yz) = (xy)z (2.1) 
2.  Uni t  element:  There exists in G a lef t  uni t  e such that  
for  any x in G 
e x  =  X  ( 2 . 2 )  
3 .  Inverse: Every element x in G possess a lef t  inverse 
-1 
X  such that  
X  ^ x  =  e  ( 2 . 3 )  
-1 The group postulates imply that  e is  also a r ight  uni t  and x is  a 
r ight  inverse. 
Groups do not ar ise in physics as abstract  groups but as t ransforma­
t ions on vector spaces. They may be d iscrete groups such as the rotat ions 
and t ranslat ions which are symmetr ies of  crystal  f ie lds or they may be 
cont inuous groups. 
The cont inuous groups which have occurred in physics have been Lie 
groups for  example^ the rotat ion group, the Lorentz group, and SU(3)-  L ie 
groups have an analyt ic structure which s impl i f ies the study of  their  
propert  i  es. 
In th is chapter we consider propert ies of  Lie groups which wi l l  be 
required in later chapters.  We begin wi th the def in i t ion of  a L ie group. 
A group G is  a L ie group i f :  — 
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1. Elements of  G In a neighborhood of  the uni t  element 
can be put in a one to one correspondence wi th points 
x ' (  i  = 1,  .  .  .  ,  r) in a region of  a r  dimensional  
Eucl id ian space wi th the uni t  element corresponding 
to the or ig in.  
2.  The coordinates z '  of the product of  elements x,y are 
analyt ic funct ions of  x ' j  y ' .  
z = cp'  (x% .  .  .  y  ,  3  y*")  = cp ' (x,y)  .  (2.4) i  i  ,  1 r  1   J ,x  ;  
The group postulates impose several  condi t ions on the funct ions tp 
S i  nee 
cp'(Ojy) = y '  and cp'(x,0) = x '  (2.5) 
the funct ions cp'  have the Taylor ser ies 
i  ,  \  i  .  i  .  i  J  k  cp (x ,y)  = X + y + x- 'y 
+ r  
where we have assumed summation on repeated indices and the remainder r  is  
of  the order four in x and y.  
The commutator 
q = x y X V '  (2.7) 
of two elements x,y wi l l  p lay a special  ro le in the development of  L ie 
groups. In order to der ive the Taylor ser ies for  the commutator,  we f i rst  
- ] 
f ind a second degree approximat ion for  x in terms of  x.  
The resul t ,  which fo l lows from 2.6,  is  
7  
( x  ' )  '  =  - x '  +  a i .  x - ^ x ^  +  0 ( 3 )  .  ( 2 . 8 )  
J K 
Relat ions 2.6,  2.7,  and 2.8 imply that  the commutator has the Taylor 
ser i  es 
q' = (ajk "  + 0(3) • (2.9) 
The numbers 
S'k " ' ^kj 
are cal led the structure constants of  the group G. The structure constants 
c lear ly sat isfy the relat ion 
Cjk = -  Ckj  .  (2.11) 
A fur ther condi t ion on the structure constants ar ises from the 
associat ive law 
cp' [x,cp(y,z) ]  = cp' [cp(x,y) ,z]  .  (2.12) 
I f  we subst i tute the Taylor ser ies for  cp'  in  2.12 we have the condi­
t ion 
k^tm ^-Lj^mk ^/Cmk '^•Lkm ^-Lmk ^m^k '  (2.13) 
I f  we ant i  symmetr ize 2.13 wi th respect to the indic ies k^-L^m and use 
def in i t ion 2.10, we f ind 
I t  h a s  b e e n  p r o v e n  (  1 4 )  t h a t  L i e  g r o u p s  w i t h  t h e  s a m e  s t r u c t u r e  
constants are isomorphic in some neighborhood of  the uni t  element and that  
there exists a L ie group for  every set  of  numbers c j  sat isfy ing 2.11 and 
2.  14. 
B. L ie Algebras 
We now consider the relat ionship between the structure constants and a 
L ie algebra.  In order to def ine the Lie algebra of  a group we consider a l l  
one dimensional  submanifolds x ' (s)  (curves) of  the group containing the 
uni t  element at  s = 0.  
The tangents to these curves at  s = 0 
(2.15) 
S=0 
form a r  dimensional  vector space. This vector space becomes the Lie 
algebra for  the group when we def ine a sui table product of  two vectors.  
I f  x ' (s)  and y ' (s)  are curves in G wi th tangent vectors r j '  and f  '  we 
def ine the Lie product 
c '  = (2.16) 
to be the tangent of  the commutator 
z ' (s ' )  = [x(s)y(s)x ^ (s)  y ^ (s)  ]  '  where s '  = s^ .  (2.17) 
The L ie product is  therefore given by 
c '  =  •  ( 2 1 8 )  
In order to s impl i fy the notat ion we introduce a basis E. for  the Lie 
algebra and make the fo l lowing def in i t ions.  
7 7 =  E . 7 7 '  =  c J i ^ E .  .  ( 2 . 1 9 )  
Condit ions 2.11 and 2.14 on the structure constants imply two condi­
t ions on the Lie product.  
1 .  (2 .20)  
2. J??] + [[C.,77] == 0 
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Having def ined a Lie algebra^ we l is t  several  important facts about 
L ie algebras and Lie groups. 
In order to state the fo l lowing def in i t ions more concisely we def ine 
the Lie product of  sets R.,G^ to be the set  
= { the set of  a l l  Ç = where 
Def in i t ions:  
A L ie algebra is  said to be Abe 1 i  an i f  
[G,G] = 0 
A subset ^  of  a L ie algebra is  said to be a subalgebra i f  
[R,R] cR .  
A suba 1 gebra _R o f  a L ie a 1 gebra jG is  ca 1 1 ed an i  dea 1 i  f  
[G,R]CR .  
A L ie algebra is  cal led semi s imp le i f  i t  has no nonzero Abe I i  an ideals.  
We note several  propert ies of  Lie groups which are ref lected in their  
L ie algebras.  
1.  Abel ian groups have Abe 1ian Lie algebras.  
2.  I f  ^  is the Lie algebra of  a subgroup R and G_ 
is  the Lie algebra of  the group G then R^ i  s a 
subalgebra of  G^. 
3 .  I f  R is  an invar iant  subgroup of  G then the Lie 
a l g e b r a  ^  o f  R  i s  a n  i d e a l  i n  
Car tan's cr i ter ion for a L ie algebra to be semi s impie wi l l  be impor­
tant  in the fo l lowing work.  To state i t  we introduce the symmetr ic 
b i l inear form (Ki l l ing form) on the Lie algebra JG as fo l lows: I f  
E. is  a basis for  G^ wi th 
1 0 
[ E . , E j ]  =  f  =  f ' E .  ,  V = r i ' E .  ,  ( 2 . 2 1 )  
we def ine the Ki l l ing form to be 
B(f .7?) = f '77^ • (2.22) 
Car tan's cr i ter ion:  G is  semi s impie i f  and only i f  the form B( j  )  is  
nondegenerate,  ( i .e.  the determinant of  is  nonzero) .  
C. Invar iant  Integrat ion 
The topological  propert ies of  a L ie group are related to the Ki l l ing 
form on the Lie algebra of  the group. To see th is relat ionship we consider 
integrat ion on a group. 
We say a L ie group G is  compact i f  for every real  cont inuous funct ion 
f  def ined on G we can def ine an integral  
I  = J ' f (x)  p(x)dx ( 2 . 2 3 )  
where p is  independent of  f  and I  has the fo l lowing propert ies:  
1.  j 'p (x )dx  =  1 (2^ 24) 
2.  I f  f (x)  > 0 but is  not ident ical ly zero 
Jf(x)  p(x)dx > 0  .  ( 2 . 2 5 )  
3 .  I f  a is  an element of  G 
J ' f  (ax )  p (x )dx  = j  f  (x )  p (x )dx  .  (2.26) 
The integral  I  is  col led the invar iant  integral  on G„ 
I f  z '  -  T'(x^y) is  the law of  composi t ion for  the Lie group, the 
funct i  on 
f,(x) =• k (2.27) 
Idet  ^  1 
?)y"^ y=0 
sat isf ies 2.25 and 2.26. To see th is we def ine w = ax and change the 
11  
var iable of  integrat ion.  
j* f  (w)p (a 'w)dx = j ' f (w)p[cp(a %w)] jdet  ^  |  dw (2.28) 
S i  nee 
[co(a ' ,w),y] |  = [a ' jcpCw^y)] !  
= (a %w) (w;,y) |  
r*w ?)y y=0 
(2 .29 )  
we have  
p[(o(a ' ,w)]  = 
I  det (a ^ jw) I  
( 2 . 3 0 )  
which completes the proof-
I f  the integral  of  2,27 exists the group is  compact s ince 2.24 may be 
sat isf ied by normal iz ing 2.27» I f  G is  compact I  has the fo l lowing addi­
t ional  propert ies (14).  
The re lat ionship of  the Ki l l ing form on the Lie algebra to the 
topology of  the group is  seen in fo l lowing theorems (15).  
I  f  G. i  s the Lie algebra of  a compact group^ the Ki l l ing form on G i  s 
negat ive semi def  i  n i  te,  i .e.  6(77,77) ^  0 for  a l l  77c G. 
(Weyl)  I f  G is  semi s impie then G is  compact i f  and only i f  the 
Ki l l ing form on G^ is  negat ive def in i te,  i .e.  B(77,7^) < 0 for  a l l  77€G. 
I f  2.24 does not converge the group is  said to be noncompact.  
J ' f  (xa) p (x)dx = Jf  (x)p(x) dx 
(2.31) 
Jf (x  ' )p (x)dx = J ' f  (x )p  (x)dx 
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D. Representat ions of  Lie Algebras and Lie Groups 
Suppose that  to each element f  of  a L ie algebra there corresponds a 
l inear t ransformat ion A(^) of  a vector space U, which in general  is  of  
d i f ferent dimension than the Lie algebra,  wi th the propert ies:  
A(f  + 77) == A( f )  + A (77) 
A (eg) = cA (g) 3 c  a scalar (2.32) 
A([fjT?!) = A i ^ ) A i n )  - A(T7)A(^) 
Such a correspondence of  operators is  cal led a representat ion of  the Lie 
a I  gebra G_. 
In the cases we consider,  a representat ion of  a L ie algebra wi l l  
determine uniquely a representat ion of  the Lie group wi th the fo l lowing 
propert ies:  
1.  For every element s of  the Lie group there corres­
ponds a l inear t ransformat ion D(s) of  the vector 
space U. 
2.  D(st)  = D(s)D(t)  
1 ,  (2.33) 
3 .  D(s"^) = D ' (s)  .  
I f f  i s  a n  e l e m e n t  o f  t h e  L i e  a l g e b r a ,  a  c o r r e s p o n d i n g  e l e m e n t  o f  t h e  
L ie group wi l l  be represented by 
D = exp[A(f) ]  = E ^ ° (2,3^) 
n 
W e  w i l l  n o t  p r o v e  t h i s  r e s u l t  b u t  n o t e  t h a t  i f  D ( s )  i s  a  r e p r e s e n t a ­
t ion of  a Lie group and i f  s ' (T )  is  a one parameter curve in G wi th 
« '  = I  '  (Z-35) 
T=0 
then the operators 
13 
A(f) = D[S(T) ] 1  ( 2 . 3 6 )  
'  T=0 
represent the corresponding Lie algebra.  
We cal l  a representat ion reducible i f  there exists a subspace R of  U 
which is  invar iant  under the t ransformat ions D(s).  In other words i f  
ja '^cR then (a '  ^  = D (s)  for  a l l  seG. (2.37) 
I f  there are no invar iant  subspaces in U we say the representat ion is 
i  rreducib1e. 
i f  the vector space U has a Hermit ian inner product (ccjp) and i f  
< a '  l p ' >  =  
where 
lo: '  > = D (s)  
(2.38) 
1P'> = D(s) lP> 
for  a l l  jo:) ,  seG then the representat ion is  said to be uni tary.  
E- Decomposi t ions of  Lie Groups 
We l is t  two decomposi t ions of  semi s imp le Lie groups which wi l l  be used 
in later chapters.  We omit  the proofs (16) which are long^ s ince the 
detai led structure of  a l l  semi s impie Lie algebras must be considered. 
Cartan's theorem: 
I f  G is  a noncompact semi s imple L ie algebra G^ has a d i rect  sum decom­
posi t ion G = J€K sat isfy ing:  
1.  ^  is a subalgebra ^  
[K,£l C-K [K,K] C 
2.  The Ki l l ing form restr icted to  ^  is negat ive def in i te.  
The Ki l l ing form restr icted to J<^ is  posi t ive def in i te-
] k  
3 .  I f  G îs a connected Lie group wi th Lie algebra £ 
then G has the unique decomposi t ion 
G = RA (2.39) 
where R is  the image of  and A is  the image of  K, 
under the exponent ia l  map. 
I f  _K' is  a maximum Abe 1ian subalgebra of  Kj  A can 
be decomposed as 
A  =  R j A ' R ^ ^  ( 2 . 4 0 )  
where A'  is  the image of  J<' .  
Therefore G has the decomposi t ion 
G = RgA'R^ .  (2.41) 
The Iwasawa decomposi t ion:  
I  f  is a Car tan decomposi t ion of  a non compact semi s i  mp le Lie algebra 
G^ and K'  is  a maximum Abe 1 ian subalgebra of_|^ then there is a basis E. for  
G^with the propert ies:  
1.  K'  is  diagonal  and has real  eigenvalues. 
ra,E. l  = X. (a)E. 
CceK' A. .  real  
— I  
(2.42) 
2.  The set  of  vectors E. which do not have ident ical ly 
zero eigenvalues, X j  (c^) ,  are cal led root vectors.  
This set  of  root vectors may be decomposed into two 
n i  1 potent subalgebras as fo l lows: Let OC^ be a 
regular element of  J<' ,  i .e.  X .  ^ 0» Then 
N .  = f  E ;  \  ;  (a )  > 0} 
—T I I O 
N_ = [E. ;  X;(%) < 0} 
( 2 . 4 3 )  
15 
are n i  1 potent subalgebras of  G_. 
A L ie algebra jL is  n i  1 potent i f  
[L 'L]  * i  
[ L . C L . L ] !  i -  [ L , L - |  
[Lf  C J •  » •  » •  •  -13 = 0 
K'@N ^  is  a solvable subalgebra.  A L ie algebra ^  
is solvable i f  
1.] = ^ k 
I2 " ^ ill 
L = 0 • 
—n 
^  is the direct  sum of  the subalgebras 
I f  RjAjN are the connected subgroups correspondin 
r e s p e c t i v e l y  t o  t h e  s u b a l g e b r a s  J L j J i ' t h e n  
G = RAN 
and th is decomposi t ion is  unique. 
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I I I .  R E P R E S E N T A T I O N S  O F  T H E  L O R E N T Z  G R O U P  A N D  P O I N C A R E  G R O U P  
A.  The L ie Algebra 
The homogeneous Lorentz group is  the group of  real  l inear t ransforma­
t ions C on the four dimensional  space X^ j  X^ )  which leave the form 
)(% = (x°)^ -  (x^)^ -  (x^)^ -  (x^)^ (3.1) 
invar iant .  The metr ic tensor for  th is space is  
I j  u  =  V  =  0  
g""^ '  =  9,^^ = ^- l ,Ai=v=l ; ,2 j3 (3.2) 
O j  V .  
Invar iance of  3.1 impl ies that  a Lorentz t ransformat ion ty where 
X'""  = x \  
must sat isfy the equat ion 
.  (3.3) 
The Poincare group contains,  in addi t ion to Lorentz t ransformat ions, 
t ranslat ions a.  
X"' '  = x^ + (3.4) 
We denote elements of  the Poi  ncare group by (a,  - t )  where a is  a 4 
vector and i  s a 4 x 4 matr ix sat isfy ing 3.3 The t ransformat i  on law 
X'^' = x"" (3.5) 
impl ies a mult ip l icat ion law 
(a. ,  V)  = (a + -La )  (3.6) 
for  the Poincare group. 
We next  der ive the Lie algebra for  the proper Lorentz group to i l lus­
trate the resul ts of  chapter 2.  
A general  Lorentz t ransformat ion may be wr i t ten in the form 
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C = 9",  + u"^ .  (3.7) 
Only s ix of  the numbers are i  ndependent,  s ince 3-3 impl ies the 
fo l lowing ten relat ions among the u'"^.  
juv ^ ..Vju ^ jj.a yy 
We choose 
u"":" g =0 (3.8) 
^07 
1 ,  /(V v u  \  ' " 'Atv 
^  (u -  U  )  U  
to be the s ix independent parameters of  the Lorentz group. 
The parameters of  the product element 
i M  = t(u) -tCv) 
fo l low from the mult ip! icat ion law 3-6.  
„«6 . u'^P 4. vW + g , u"'' (3.9) 
7 A. 
In order to f ind the structure constants of  the Lorentz groupj  we 
~ ojs 
construct  the Taylor ser ies for  the parameters w 
We ant isymmetr ize 3-9 on 3 and use 3-8 to obtain a second order 
^ ae .  ap _ .  
approximat ion for  u and v -  The resul t  is  
- a p  - a p  ^ ~ a p  
W  = u  +  V  
~ jU V ~ O n I We may ant i  symmetr i  ze the coeff ic ient  of  u v on Uj v and 03 o 
and def ine 
° - 3",, 9"p' 9VB 
where A(\ j  T )  ant i  symmetr i  zes the indices A . j  T.  
The structure constants are then 
(f»P .  - a"P .  (3.12) 
u v ,  a p  (Tp o o j  Mv 
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We in t roduce a bas is  -  i  = î for  the L ie  a lgebra.  The factor  
- i  insures that  w i l l  be Hermi  t i  an in  a un i tary  representat ion of  the 
group.  In  th is  bas is  we have the commutat ion re la t ions 
"ap' = ' (Sva "yp + 9»p "va 
- %% • 9«a"vp > • (3.13) 
I f  we in t roduce a bas is  - iP for  t rans 1 a t  ions,  we f ind the fo l lowing jU 
commutat ion re lat ions for  the Poincare group.  
' "«V'  fp l  = 'Kp ' '»  -
p j  = 0 (3.14)  
I t  f o l l o w s  f rom the commutat ion re lat ions that  the Lorentz group is  
a noncompact  semi s  impie group.  However the Poi  ncare L ie Algebra has 
an Abel ian ideal ,  P^j  and the group is  therefore not  semi s imple.  
In  the usual  t reatment of  the Lorentz group operators 
(3-15) 
k '  = M°'  
are def ined.  Physical ly  J '  is  the angular  momentum (generator  o f  rotat ions 
and k '  is  the generator  o f  pure Lorentz t ransformat ions.  The commutat ion 
re lat ions for  J and K are 
[ j ' ,  j j ]  = i  j "  
r j% KJ]  = !  c ' j ' '  K" 
rK% K-j ]  =  - i  (  ' j " "  .  (3.16) 
We see f rom 3.16 that  3.15 Is  a Cartan decomposi t ion of  the L ie a lgebr 
Car tan 's  theorem impl ies that  any Lorentz t ransformat ion may be wr i t ten as 
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the product  of  a pure Lorentz t ransformat ion and a rotat ion.  
L =  e~"^*^  = R((o)A(Q:)  (3-17)  
I f  we choose as a maximum Abe 11 an subalgebra o f  J< we may fur ther  
decompose 3-17-
L = R e" ' " '^3 R'  
= e- ie j2 î YJ3 ^- ' *7^3 (3.18)  
B.  Representat ions of  the Lorentz Group 
We now consider  uni tary representat ions of  the Lorentz group.  The 
Lorentz group has two independent  invar iants.  These may be chosen as 
2 2 —f —* J  -  K and J  •  K .  In an i r reducib le representat ion these operators are 
scalar  mul t ip les of  the uni t  operator .  Nai  mark (17)  has shown that  in  
uni tary representat ions they have the values 
- 1 
J '  K = (3.19)  
where v is  a real  number and i  s a hal f  in teger.  I f  ^  =  0 ^ ,  v may a lso be 
a pure imaginary number.  The f i rs t  case is  cal led the pr inc ipal  ser  i  es_,  
and the second is  cal led the supplementary ser ies.  
The vectors in  a representat ion are labeled by the rotat ion subgroup-
We then have states j / t j  v ,  j^  m).  In  th is  basis the generators have the 
fo l lowing representat ion (17)°  
J+k,  j ,  m> = \ l ,  v j  m+n 
J _  1 j ,  m >  =  ^  m - 1 )  
I Lj ,  V,  j ; ,  m> = m|t ,  V;,  j ,  m\ 
K_^ I Vj 7( j  + l ;  v) j-L,  v ,  j  + 1^ m+l> 
20 
TU^T) OH-I  7 ( j ;^ ,v) l^ ,v , j - l ,  m+1 > 
K_l - t j  V j  j ,  m) =  - io : j j ^^ j^_^ 7  ( j  +  1 v)  v^ j  + I^,  m- l> 
j  ( j  + O J%m-1> -  '0=: !^^  ^ i -1  ^  0  ^ j  "  '  ^ ^ >  
U jV,  j ,m> = -  7( j  +  l ;  - t j  v )  1^^ v^  j  + 1,  m> 
\  +  ia j j^  7  ( j  v)  1^^ v^  j - l ^m> (3.20)  
j  Cj +1 )  • '  
where 
J+ = J]  ±  '^2 ^ ^+ = 1^1 ±  '"^2 
?( j ; i ,v)=.  y  '  " i , n  = f ( j -m)0 + n) ]^  •  
We assume that  s ta tes are normal ized 
(U V, m\^ ,  V,  j  % m'^  =  6 j j  ,  0^^,  (3 .21)  
and the re la t ive phase o f  s ta tes in  a representat ion is  f ixed by 3.20.  
From 3.20 we see that  - t  i s  the min imum value o f  angular  momentum occurr ing 
in  a representat ion.  
The problem of  f ind ing matr ix  e lements o f  an arb i t rary  Lorentz  t rans­
format ion is  reduced to  f ind ing the matr ix  e lements o f  pure Lorentz  
t ransformat ions in  the z  d i rect ion by the decomposi t ion 3 .18.  A genera l  
matr ix  e lement  then has the form 
(t, V, j, m|L 1^;, V, jm"> = ,^,(L) = 
m i n ( j ^ j ' )  :  .  :  ;  ,  ; i  
Z DJ^(4) ,e ,  Y)AJJ (a ,  v)  dJ ,  (0,  P,  7)  (3 .22)  
• / • • I \ UK I ' Il I II11 
n=-  mi  n  ( j  J J  )  
where _ 
A^-' (a. t -  v)  =  ( I j  V .  j ,  n |e  '  3 j  n>.  (3-23)  
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;  I  ;  '  The expl ic i t  form of  may be found in  (18),  wi l l  be calculated in  
chapter  5« 
C.  Representat ions of  the Poincare Group 
The Poincaré group is  not  semis imple,  s ince i t  is  a semidi rect  
product  of  the invar iant  Abel i  an subgroup T of  t ranslat ions and the 
Lorentz group.  Representat ions of  the Poincare group may be constructed 
by using l i t t le  group techniques (19) .  
We begin by par t ia l ly  label ing states of  the Poincare group by 
i r reducib le representat ions of  the t ranslat ion subgroup.  Therefore we 
have a basis in  which P^ is  diagonal  i .e .  
p'"^ 1 p  > =  p^ 1 p  > (3.24)  
We next  consider  the ef fect  of  a Lorentz t ransformat ion on a f ixed 
representat ion,  p^ ,  of the t ranslat ion group.  Since the t ranslat ion 
subgroup is  invar iant ,  we obta in e i ther  the same representat ion p^ 
or  a new i r reducib le representat ion p 
Those Lorentz t ransformat ions which leave p^ unchanged are cal led 
the l i t t le  group of  p^.  Since P^P^ commutes wi th a l l  generators of  the 
Lorentz group,  i ts  value is  invar iant  and character izes the i r reducib le 
representat ion of  the Poincare group.  Physical ly  P^P^ = m^ is  the square 
of  the mass,  and we consider  the case of  posi t ive mass.  
We choose a f ixed p^^ in  each representat ion and a f ixed t ransformat ion 
L(p,  p)  for  each p^ in  the representat ion which t ransforms p^ in to p^.  We 
then have 
u .  ,  /  ~ \  I  |p"  > = L(p,  p)  1 p"  > 
p^p^ = .  (3.25) 
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The convent ional  choice for  is  
P^ = (m, 0 ,0,0) .  (3.26)  
The label ing is  completed by speci fy ing which i r reducib le representa­
t ion of  the l i t t le  group is  carr ied by (p) .  The l i t t le  group of  p is  the 
rotat ion group in  three dimensions.  Therefore the states are labeled by 
2 
the values of  J and act ing on jpV We def ine a general  s tate by 
s ,  = L(p,  p)  (  p ,  s ,  (3c27) 
where 
1 P j  s,  = s(s+l)  1 p ,  s ,  X)  
J3 I s,  X)  =  X I p,  s ,  X> .  (3.28)  
We consider  two cases for  L(p,  p) .  In the f i rs t  case we choose a 
pure Lorentz t ransformat ion,  i .e .  
L(p,  p)  = L(p)  = e ( 3 . 2 9 )  
where 
p^ = m (cosh CK, p  s inh Q!)  .  
Th is  basis wi l l  be cal led the canonical  basis for  the Poincare group.  
In  the second case we choose L(p,  p)  to be the product  of  a rotat ion 
and an accelerat ion in  the z d i rect ion.  
H(p)  = ^- iKja (3.3 0)  
where 
p^ = m (cosh a, sinh a sin G  c o s  ( j l  ,  
sinh a s in G s in (j ) ,  s inho:  cos G) .  
This basis is  cal led the hel ic i ty  representat ion,  s ince IT •  i  s 
d iagonal  and has the value 
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The I r reducib le representat ions of  the Poincare group are therefore 
character ized by two numbers m_, the mass,  and s,  the angular  momentum of  
a s tate of  zero three momentum. Physical ly  s is  the spin of  a par t ic le 
having th is  representat ion.  
We assume that  s tates in  an i r reducib le representat ion are invar lant ly  
normal i  zed — 
<Pj  X|p ' ,  \ '>  = 2p^ 6^^,  ô^(p -  p '  )  .  (3.31) 
I  f  (j l  i s  a wave funct ion def ined by 
A. 
4\(P) = (P; ,  S j  \1  (j)  >  (3.32)  
then the inner product  o f  two wave funct ions is  
( t  * ' )  = s (p) (p) •  (3.33) 
X o 
The t ransformat ion propert ies of  the basis states under an arb i t rary 
element o f  the Poincare group may be der ived by using the Cartan decomposi­
t ion of  the Lorentz group.  I f  L is  an arb i t rary Lorentz t ransform we have 
L L(p)  = L(p ' )  
L H(p)  = H(p ' )  (3.34)  
where L(p)  and H(p)  are def ined by 3-29 and 3-30.  
Therefore the basis states t ransform as fo l lows 
e '^*^ L(p,  s ,  = e 'P ^ D®,^(R^) )p ' ,  s ,  
e '^  ^ L|p,  S;,  X>^ = e 'P (R^) |  p ' ,  s,  ^ (3»35) 
X 
k  F inal ly  we consider  the spin operator  S .  The spin operator  is  def ined 
to be 
= L(p)  L(p)  '  (3.36) 
24 
when act ing on a basis s tate of  momentum p.  
I t  fo l lows f rom 3.29 and 3.30 that  is  diagonal  in  the canonical  
—* —* 
basis and P -  S is  diagonal  in  the hel ic i ty  basis.  
IP j  = Xjp,  
P •  S|p,  s ,  X = 1p1 X |p /  s^ (3.3 7)  
With the a id of  the operator  ident i ty  
e ^ B e  ^ = B + [ A j B ] + - ^ ,  [ A J [ A J B ] ] + .  .  •  •  ( 3 . 3 8 )  
we may express 3*36 as 
mS = P° J -  P X K -  •  (3.3 9)  
o 
The fo l lowing commutat ion re lat ions for  fo l low at  once f rom 3-36.  
[s / ,  g j ]  = iE^Jk gk 
[s ' j  p^g =0 (3.40) 
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IV.  AN IWASAWA DECOMPOSITION OF THE LORENTZ GROUP 
Ao The L ie Algebra 
The sets {J . }  and [K.}  def ined by 3•15^ form a Cartan decomposi t ion 
of  the Lorentz group.  I f  we def ine 
P = + Kg J G = , (4. I ) 
we see that  the sets {J . }  [K. ,  }  and [Pj  Q.}  form an Iwasawa decomposi t ion I  J  
of  the L ie a lgebra.  Therefore every proper Lorentz t ransformat ion may be 
decomposed uniquely in  the form 
L = RAN (4.2)  
where R is  a rotat ion,  A is  an accelerat ion in  the z d i rect ion,  and 
H _ 2-1(aP + bS).  (4.3)  
In the new basis the commutat ion re lat ions are 
[P.  Q] =  0 r j j ,  P] = iS [K^ P]  =  iP 
[J ] ,  K3]  = 0 Q] =  - iP [K^,  Q] = 'Q.  
[J , ,  P]  =  ÎK3 [Jg,  P]  =  - ÎJ3 [J , ,  K3]  = i (J , -  P) 
[J , ,  0]  = ÎJ3 [Jg,  Qj  =  'Kg [Jg,  Kg]  = ' (Jg -  %) 
[J j ,  J j ]  = iC; jkJk '  
From 4.4 we see that  [P,  K^ }  generate a subgroup.  This sub­
group is  isomorphic wi th the conformai  group in  a p lane.  P,Q. generate 
t ranslat ions,  generates rotat ions in  the plane and K^ generates scale 
changes- In  th is  chapter  we construct  representat ions of  the Lorentz 
group in  a basis labeled by th is  subgroup.  
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B. Representat ions of  the Conformai  Group 
In th is  sect ion we construct  representat ions of  the group generated 
by {Pj  Qj  K^}"  
I t  fo l lows f rom the commutat ion re lat ions that  exp( i2TiJ^)  is  an 
invar iant  of  the group.  Only s ingle and double valued representat ions 
occur in  the Lorentz group,  so we d iscuss the cases 
= e = + 1 .  (4.5)  
2 2 We take a basis in  which and P + Q. are d iagonal .  In  th is  basis 
we have 
Jgl  X,  — X I  r ,  Xj  e)  (4.6)  
where X = 0,  + 1,  + 2 .  .  .  for  e = 1 
X = ±  Y f  '  '  '  fo ' '  E = -1 
and 
i  mpl y  
(p^ + Q^) I r, X, e) = r^l r, X, 
0 < r < o o .  ( 4 . 7 )  
The commutat ion re lat ions 4.4 and the ident i ty  
= B + [A, b] + -j, [A, [A, B]] + .  .  .  (4.8)  
i  i  
[J],  P+] = ±  P+ (4.9)  
where 
P+ = P ±  'G .  
We make a choice of  phase for  states in  a representat ion by tak ing 
j l ,  Oj  1)  and 11,  - I )  as standard states in  the s ingle and double 
valued representat ions and def in ing a general  s tate by 
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l e ^ j  X 3  e  >  =  e ' ^ ' ^ 3  | ] ^  X j  e )  
P+ I Tj  Xj  c  )  = r ) r ,  X + 1,  c)  .  (4.10) 
We assume states are invar iant ly  normal ized.  
( r ,  6 (  r ' ,  e > = r  Ô ( r  -  r  '  )  (4.11)  
For wave funct ions ^ i^^r)  = ( r^  X |  (j) '> 
the i  nner product  is  then 
<l f  I  f  > = s  *^(r )  .  (4.12) 
X o  
We now calculate matr ix  e lements of  f in i te t ransformat ions.  A 
general  t ransformat ion may be wr i t ten in  the form 
T(e,  cc, a, b) = e- 'GJ;  ^- i {aP + bd) _ (4 .13)  
The resul t  of  exp[~i (aP + bQ.) ]  act ing on a s tate is  found by expanding 
the exponent ia l .  
^- i (=P + bS), r ,  j r ,  X> 
where 
7 = 
We use the fact  that  commutes wi th P to obta in 
+ — 
s  | r ,  x > .  ( 4 .  > 4 )  
n^ m n.  
We use 4.10 and def ine a new index of  summat ion,  X '  = X + m -n in  
order to wr i te 4.14 in  the form 
CO (TO 
.  z |r .  X' )  .  (4.15)  
\ '=- ,T3 n=o HI  ni  (n+\ ' -X) i  
The f inal  resul t  fo l lows f rom the def in i t ion of  Bessel 's  funct ion (20) 
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^- î (aP + = 
^  ^ ^ J%,_% (v/a2 +  b2 r )  | r ,  X '>  (4.16)  
X'  Is /aZ + b2/  ^  
The matr ix  e lement of  a general  t ransformat ion fo l lows f rom 4.6,  4.10 
and 4.16.  
( r ' j  X'  I  7(9,  a ,  a,  b)  | r ,  X ^  = 
r '6(r '  -  e^r)  e-" ' '® ^  (-^a^ +  b^"  r )  (4.17)  
C. Representat ions of  the Lorentz Group 
in  a Conformai  Group Basis 
We now construct  representat ions of  the Lorentz group in  a basis of  
the form 
I ' to "^3 ' " j  
where r ,  X label  s tates in  a representat ion.  The representat ions are 
character ized by the two invar iants 
/ tv  = J •  K and -  1 = .  (4.18) 
I  n terms of  the basis [J . ,  P,  Q.}  these are 
U+ = ( iK^ ±  J3 -  I )^  -  -  0.2 +  2J^ P_ (4.19)  
where 
J+ = J l  ±  ÎJ2 
The ef fect  of  J_^ act ing on a s tate can be re lated to by using 
4.10 and 4.19.  
J+ I t ,  V,  r ,  X> = 
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2~ [a+îv)^ + -  ( ÎK^ ±  X)2]  r ,  X± 1> (4.20)  
Iwasawa's decomposi t ion,  4.2,  impl ies that  any Lorentz t ransformat ion 
may be wr i t ten in the form 
L =  T(e, a ,  a ,  b) (4.21)  
where T is  def ined by 4.13 and i ts  matr ix  e lements are g iven by 4.17.  
We calculate the matr ix  e lements of  the rotat ion about  the y ax is 
by expanding in  an angular  momentum basis.  The resul t  is  
(•Ij V, r  X '  je  ' 4 ^ 2  \  t ,  v,  r ,  \ >  =  
CO 
s  r  J X j ' t / j  V j  j ,  X ^  d  ,  (^)  Vj  j j  X j 'L j  
j=max( x , X ' )  (4.22)  
The expl ic i t  f o r m  o f  the expansion coef f ic ient  v,  r ,  xj -L,  v ,  j ,  X /  
is  g iven in  the next  sect ion.  
Since the le f t  s ide of  4.22 is  def ined to be 6 ,  r f i  ( r - r ' )  when 
w  
^ = Oj the r ight  s ide must  be considered to be a d is t r ibut ion.  In other  
words i f  Y(r)  is  a square in tegrable funct ion,  we g ive the r ight  s ide of  
4.22 meaning by making the def in i t ion 
j '  (4,  V,  r  % X'  je  '4^2 v,  r ,  X> Y ( r )  = 
o 
CO 
y. (I, V, r x '  1 tj, V, j, X'> dJ, ( ( | ) )  
j=max (x ,  X '  )  
/  ^  ( t j  V, J ,  Xj- t ,  V,  r ,  X) %(r)  ,  (4.23) 
o 
D. Expansion Coef f ic ients 
In th is  sect ion we der ive and solve d i f ferent ia l  equat ions for  the 
expansion coef f ic ients re lat ing the convent ional  angular  momentum basis to 
the conformai  group basis.  We in t roduce the notat ion 
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( t ,  v_,  j ,  mj-L j  V j  r ,  m > = ( r ,  v)  (4.24)  
for  the expansion coef f ic ient .  
I t  fo l lows f rom 4.10 that  
-j- jj mj^j Vj r, m^ = Vj mlK^j-C/j Vj r^ . (1^.^25) 
Two d i f ferent ia l  re lat ions for  f^  may be der ived by mul t ip ly ing 
4.20 on the le f t  by an angular  momentum basis s tate.  
(</. Vj J;, mjj+l.Lj V, rj \) ~ 
(tj, Vj jy "1 I 27 [6± + r^ - (i ± X)^] |-L, v, r^ X ± l !>  
(4 .26)  
With the a id of  4.24 and 4.25 we obta in 
2rJ(J ±  m + 1)  ( j  -  m) f jJ^ j  
[  i l  — iv)^  + -  (r  — m -  1)^1 f^  _ (4 .27)  
In the cases m = j  and m = - j  4.27 becomes a second order d i f ferent ia l  
equat ion s ince 
f j+ i  = f - j - i  = ° • 
The solut ions are 
J + 1 f j  (O I ,  v)  = Cj  rJ  Z^_.^(r )  
( r ,  t ,  v)  = Cj  r j * '  (4-28) 
where Z is  a modi f ied Bessel  funct ion.  Since the angular  momentum states Ai 
are normal ized,  we have 
< C,  V,  j ,  m I  V, J  m')  = ÔJJ ,  ônim'  =  
no , 
- T IT" m I x| U j \ m'> 
X o  
3!  
= X f  fi  (r)  .  (4.29) 
o 
- 1 / 2  i  Therefore r  f^  must  be square in tegrable and is  a modi f ied Bessel  
funct ion of  the th i rd k ind (20)» 
The genera]  expansion coef f ic ient  is  found by using h , 2 f  as ladder 
operators on the funct ions f j  and f^ j .  The resul t ,  which is  proved by 
induct ion in  appendix A,  is  
u  v) = 
^ n?o (1, n)(-2j. n) Viv-j^n^n 
-  Ba,  V, J ,  ( , ,  n)( -2 j .  n)  Vlv-J-m-.n 
where (a,  n)  = a(a+l)  . . . .  (a+n-I )  
B (tj, V;, }, m) = 
1  
• 2JI  (2 j  - f  I ) . '  ]2  
. r ( j  + îv+l ) r ( j - îv+]) ( j+m)!( j -m)! ( j+^) ] ( j -^) i  '  (^.30)  
We l is t  several  propert ies of  the funct ions f^ .  From 4.3 0 we note 
that  
v)  = -v)  
= f^( r ,  m, v)  
= im) .  (4.31) 
The funct ions f j^  have the fo l lowing integral  representat ion which is  
der ived in  appendix B.  
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v) = 
2 
where 
(_1) j - t2m-t- :Vr( j_;v+i )  
c{u \>, J:, m) = 
U  +  m)l  r ( - t - iv+l  )  
r  ( i+m)l  ( i+>f j i  (2 i+0 1^ 
[2r ( j - iv+l  ) r ( j  + Iv+l  )  ( j -m)]  ( j -^) i j  ^  (4.32)  
and 2^2 'S a hypergeometr ic  funct ion (21) .  
According to 4.29 the expansion coef f ic ients sat is fy  the or thogonal i ty  
re lat ion 
^  (r ,  & v)  f j j j  { r ,  ^  v) = 6. j i  •  (4.33)  
o .  
Final ly  we l is t  an addi t ional  or thogonal i ty  re lat ion which is  proven 
i  n chapter  6.  
^ . J C (•"' t, v) f^ir, V, v') 
m=-j o r 
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V. MATRIX ELEMENTS OF THE LORENTZ GROUP 
IN AN ANGULAR MOMENTUM BASIS 
A.  Matr ix  Elements o f  Pure Lorentz Transformat ions 
The resul ts  of  chapter  3 reduce the problem of  f inding matr ix  
e lements of  an arb i t rary Lorentz t ransformat ion to that  of  f inding matr ix  
e lements of  an accelerat ion in  the z d i rect ion-
In th is  sect ion we calculate matr ix  e lements of  pure Lorentz t rans­
format ions in  the z d i rect ion by two methods.  The f i rs t  method is  s imple 
and the resul t ing expression exhib i ts  the index symmetr ies of  the matr ix  
e lement expl ic i t ly .  The second method y ie lds an expression which is  
usefu l  when a s tate of  low angular  momentum is  involved in  the matr ix  
e 1 ement.  
We ca lculate the matr ix  e lement 
by t ransforming to a conformai  group basis.  The resul t ,  which fo l lows 
f rom 4.10 is  
m /J V j  j  m> (5.1)  
(a,  v)  = p f^ / r )  f^  " (yr)  
(5 .2)  o 
where a  y = e .  
I t  is  c lear  f rom 5.2 that  the index symmetr ies 
v)  = f | ( r^  m, v)  = t ,  -v)  
imply corresponding symmetr ies for  A^-*  .  
(5.3)  
(a, v) = A -^" (a, m, v) = A^^ (a, -v) 
= aJJ ' (a, I ,  v V '  (5.4)  
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i  i  '  Two addi t ional  symmetr ies may be der ived f o r  -  I f  we make the 
change of  var iable r '  = yr  in  5-2 we f ind 
(a,  v)  = (-CKj  v )  .  (5.5)  
I f  we subst i tute the ident i ty  
e '^^2 e" ' " '^3 = e '^ '^3 (5.6)  
in  5«I  we obta in 
'  (a, v )  =  ( - l ) j " j '  A ^ J '  ( - c ,  Z ,  v ) .  ( 5 . 7 )  
We next  subst i tute the expl ic i t  form of  the expansion coef f ic ient  
f - '  in  5.2 and evaluate the in tegral .  Since two expressions for  f-*  are 
m m 
g i v e n  i n  chapter  4,  the in tegral  may be evaluated in  four  ways.  However 
the symmetry 
(«, -L, v) = A j^ (a, -v) 
reduces th is  to two cases.  
We choose these to be (a)  f-^  and f-^  are both of  the f i rs t  form in  
m m 
4.30 and (b)  is  of  the f i rs t  form and f-^  is  of  the second form. We 
m m 
evaluate the f i rs t  case below. The second case is  s imi lar  and we l is t  the 
resul t .  
We subst i tute 4.30 i  n 5.2 to obta in 
A^-^ '  (CKj  t . j  v )  = Vj  j ,  m)B(-L^ j  m) 2  S 
n=o p=o 
n+r,  (m-J,  n)  Cc- j ,  n)  ( - i  v- j ,  n)  (m- j  p)  (^- j  % p)  ( i  v- j  p)  
( -2)"+P 
( l ,n)  ( -2 j ,n)  ( l ,p)  ( -2 j ' ,  p)  
y '  r  • (5.8)  
The in tegral  in  5» 8 is  evaluated wi th,  the a id of  the formula (20)  
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f  t  ^  K (at )  K (bt )  dt  = 
•J U V 
( | )X-i  p(±wri)  r ( 'T""^)  )  
/ I  -V°M-À) _ 
2 r /1+v+^-X 1+v-Ai-X .1^.1 b_ \ 
src-x)  2 
1 -ReX- 1 ReM |  -  \ Rev |  > 0 .  (5.9)  
The final result Is 
min 4 ^  min 4,  ^  
;  ;  I  j -m J -m 
AjJ, (pCj -tj, v) = N(-t,j Vj j'j m) % E 
n=o p=o 
( - j - j  ' - I  .  n+p) (m- j ,  n)  (^- j ,  n)  (m- j  % p)  ( t - j  p)  
(-j-j '+/(,+m, n+p) (1,n) (-2j, n) (l,p) (-2j p) 
^-L+i v+rrrf-1 ^ (/L+m+1, j + iv+l-n; j+j'+2-n-p; 1-y^) 
val id for  ^  + m > 0 (5»10) 
where 
(-L+m)! (j+j '--t- m)l 
N('Lj  V, jy j'y m) = 
( j+ j '+ i ) !  r ( j - iv+i )  r ( j '+ iv+i )  
2 j : (2 j+ i ) !  r  ( j+ iv+i )  r  ( j - iv+i )  2 j  • j  (2 j '+ i  ) ' .  r ( j '+ iv+i  ) rO'- 'v+1 )  
( j+m):  ( j -m) i  (j+t): (j-t)L ( j '+m) i ( j ' -m) i  ( j ' -^) I  ( j '+ t) i  
The second case is evaluated in the same way. The result is 
,  j -m j '+m 
(«J -tjf v) = N' (t, V, j, j'y m) S 2 
n=o p=o 
1  
2 
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( - j - j  n+p) ( l - j j  n)  ( - i  v- j j  n)  (<,- j  \  p) ( - i  v- j  ' ,p)  
( -J-J Vj  n+p) (1,n)  ( -2 j ,  n)  (1,p)  ( -2 j  % p)  
Ti  ( I+^r iv ,  j  + l -m-n;  j+ j '+2-n-p;  1-y^)  (5.11)  
where 
r (1+t- i  v)  r  (J+J '  + ] -^+iv)  
N'  ( t ,  Vj  j 'y  m) = 
( j  + j  '  + l ) i  
' ( j -m) i  2 j i  (2 j  + l ) l  ( j '+m) i  2j (2j' + l)i 
( j+m)i  ( j+t) !  ( j - ' t ) i r ( j  + iv+l  ) r ( j - îv+l  )  ( j  ' -m)i  ( j  ' + Z ) i  ( j  ' - t ) ! r ( j  '  + ÎV+1 ) r ( j  ' - ÎV+1 
We note that  whi le the above resul ts  were der ived for  the pr inc ipal  
ser ies they are a lso val id for  the supplementary ser ies.  I t  is  interest ing 
to note that  i f  the factor ia ls  are expressed as gamma funct ions,  equat ion 
5.11 may be obta ined f rom 5.10 by the subst i tut ion 
v)  = (a^ im) .  
Other forms may be obta ined wi th the a id of  symmetr ies expressed in  
5.4,  5-5 and 5*7" 
We now der ive an a l ternat ive expression for  Aj^-^ .  This der ivat ion,  
which is  not  as s t ra ight  forward as the previous one,  depends on the 
resu1t  
s inh a o (5-12) 
The proof  of  5»12 fo l lows f rom 4.4 and 4.8.  
The matr ix  e lement A"^ ^  (CK, v )  may be wr i t ten as 
O- . j lur  |S,-S> 
(5.13)  
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by using the propert ies of  and J_ 
At  th is  point  we use 5-12 to move the exponent ia l  in  5-13 to the 
le f t  of  the ladder operators.  The matr ix  e lement in  S»13 then becomes 
=- '="3 Is .  -s> = 
(5.14)  O. j ' le" ' "  3 (e" j^  -  s inha)- ' " ' "  |s ,  -s> .  
Since commutes wi th 5.14 may be expressed as 
'T  (J ' : " )  (J , j |e- 'OK3 p j  -s> (5.15)  
q=o 
where i  s a b inomial  coef f ic ient .  
We note that  i f  j  > s.  the sum begins at  q = j  -  s s ince 
|s .  -s> = 0 for  n > 2s.  
We change the Index of  summat ion to p=q+s- j  and obta in 
Tr i l "  )  ( -s ;nh < j%J |s ,  -s>  
p=o 
(5.16)  
5.16 is  a lso val id for  s >  j  since the b inomial  coef f ic ient  is  zero 
unless j  -  s + p :> 0 .  
We use the resul t  
Is ,  -s> = 
(2s-p) l  2s l  
1  
2 
Is ,  s-p> 
and 5.13 to obta in the expression 
( j+m)i  (s-m)J 
l y  v )  =  
1 
1 
2 
s-m 
p=o 
_(s+m )  i  ( j  -m )  ' .  2 j  I  _ 
j-(2s^j2 a(s-m-p)(.^,„„^)J-s+p q^j]g-!«K3 p^J-s+p (5., 7) 
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We calculate the matr ix  e lement in  5.17 by inser t ing a complete 
set  of  conformai  group states.  The resul t  is  
<Jj |e-"<3« Is ,  s-p> = 
^Cl( j -s+p) J  f j  rJ-s+P- l  
1  i  s-p 6 J 
where y  =  ,  (5.18)  
We evaluate the integral  in  5.18 by subst i tut ing the expl ic i t  form 
of  f .  The f inal  resul t  is  
m 
v)  = M(4. ,  S j  (1-y^)-•  ^  
s-m p ( { rs ,n)( iv-s,n)( j  + l - iv ,  p-n)( j -&+l ,  p-n)  
S S ( .  )  
p=o n=o j  ( l ,n)( -2s,n)( l ,p-n)(2 j+2,  p-n)  
,  2 p 
— )  2^]  (J 1  ^  j  + iv+1;  2 j+2+p-n;  1-y )  (5.19)  
2 
where 
V,  j ,  Sj  m) = 
( j+m)I(s-m)!  2s l  (2s+]) i  ( j+-L)  ^  ( j-^ l )  '  F( j  + iv+1) r ( j - iv+l )  
(s+m)J ( j -m) i  2 j  i  (2j  + ] ) i  (s+^) I  (s-- t )  '  r (s+iv+l  )  r (s- iv+l  )_ 
Several  remarks concerning 5.19 are in  order-  We note that  any matr ix  
e lement can be re lated to the case j  >s>m->-t^Oby using 5.4,  5-5 
and 5.7"  This resul ts  in  the minimum number o f  terms in  5.19° For example 
i  f  s = m we have 
^ (nJ v)  = M(/Cj  V j  j ,  Sj  s)  yS+^^ 'v+1 s 
2F,  ( j  j  + iv+1;  2 j  +2;  l -yZ)  .  (5.20) 
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I t  is clear that 5*19 correctly satisf ies 
(0, I , ,  v) = 6jg 
B. An Integral Representation 
An integral representation for Aj|^-^" may be derived by substi tut ing 
the integral representation of f j^ in 5*2 and changing the order of 
integration. This integral representation wi l l  be useful in discovering 
i  i  the asymptotic behavior of Aj^-^ .  
Upon substi tut ion of 4.32 in 5.2 we obtain 
^3 -t j  v) = Cit j  Vj j ,  m) vj  j  S m) y^ 
00 œ œ 2 2 2 00 CO oo r V r rt 
/  dr J dt J* ds e-s-t-St -  \ ï  ^2t-2w+] 
c:: •> 
- I  •  « •")  
y > 0  
The order of integration may be changed and the r  integration performed. 
—^ 
The result is the integral representation 
00 CO 
(oCj I3 v) = Q.itj Vj j'j m) y^ '  ^  J dt J  ds 
b o 
.-s-t^- iv -t+iv j+^+1, I r j ;  J '+/C+1, t - j ' l  
^ nF-C t)  ,F,( s) (5.22) 
^g^y2^^^-m+l ^+m+lj { ,- iv+1 ;  ^+m+l, ^+iv+I ;  
where 
Q.i l '3 V, j j  J m) = 
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r ( j- iv+l) r ( j '  + iV+I )  (- I )J J 
r(- t -îv+l) r(-L+îv+l) [U+m)î]^ 
(2j + l  ) (2j '  + 1 )  ( j+m)i ( j+t) i  ( j  '+m)i ( j  '+&)! 
( j -m)l ( j ' -m)l ( j ' - .L) i  r ( j- iv+1) r ( j  + iv+l) r ( j ' - iv+l) r ( j '  + iv+l) 
Val id for v real,  y > 0, ^ > |m |  .  
The case ^ < |mj fol lows from the index symmetries 5-4. 
C- Asymptotic Behavior of Matr ix Elements 
The asymptotic form of may be derived from 5*22 by noting that 
interchange of integration is also just i f iable in the case ^ > m > 0, 
y = 0 and y"^'^ A"^"'  is continuous at y = 0. The result is 
m 
l im y"^'  ^  ^ ^ (a, v) = 
y- 0 
"  -.f f - iv, t - j  I  
V, j ,  j  S m) e t  2'^2^^,+m+l, ^- i  v+1 ;  
1 - -
The integrals in 5-23 are Laplace transforms and may be evaluated 
(22). We obtai n 
V, j j  jm) r(^- iv+n r (m+iv) 
2 ^ ]  ;  1  )  
j  t- j ' j  m+i v 
:  ' )  - (5.24) 
The hypergeometric functions may be expressed as f  functions (21). 
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The result Î s 
l i m i t  y " ^ '  ^  ^  ^  ( a ,  v )  =  
y- 0 m 
( j-m)c' 0+^)1 ( j ' -m). '  ( j '+^)i  (2j  + l)(2j '+I) 
( j-&) '  ( j+m)l 0(J'+m)! 
J_ 
2 
r (m+iv) r ( j- iv+l) r  ( j  '~ iv+1 ) (-1 )"^ ^  
(5.25) 
r(-L - i v +l) | r ( j - iv+l  )  r( j ' - Î V +1 ) 1 ^>m>0 
Equation 5»25 may be extended with the aid of 5«4 and 5»5 to obtain 
(a, t ,  v) I  ^-m i  v+1 
^ j- t+m {+i v+l 
-  j-C-m j - i  v-1 
-  l^+m j+i V-1 
-t j  m > 0 
y « 1 
^ > 0, m < 0 
y « 1 
tn > 0 
y » 1 
^ > Oj m < 0 
y » 1 .  
i  î I f  m = 0,Ag is rea l  and  f rom 5.10 we f ind 
v ) .  
(J+t);( j '+4):(2J + 1)(2j '+1) 
( j - t ) !  ( j ' - t ) l  
± 
2 
(5 .26 )  
r ( i v )  
r( t+iv+1) 
2y^^^ cos (\ jQ:+( J)) 
y « 1 
where 
_.A  r ( i v )  r (&+iv+i) r( j - iv+i) r( j ' - i^+t) 
^ '  T _ —— 
| r ( iv)  r( t+iv+i)  r( j - iv+i)  r( j ' - iv+i) |  
The cases ^ = 0 and y » 1 fol low from 5-4 and 5»5» 
(5.27) 
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D. Orthogonali ty Relat ions 
We consider the integral 
TT 2at °° 2 i t  2jt  
I  = J* d(|) p s in 6 dQ J* dY p si  nh a doc J dp J dy 
where D. ,  is defined by 3•22. J mj kn '  
The integrations over rotat ion matrices may be performed (18) to 
obtain 
(4n)3 
'  ~  S ; ; |  6 . .  I  6 _ _ l  6  
(2j + l)(2k+l) j j '  kk' mm' nn' 
S  r s i n h ^adD! A :^ ' '^"(q:,  v) (a, v ') .  (5.29) 
\  o ^ ^ 
• k in view of the asymptotic behavior of A:" we may wri te 5»29 as 
A. 
(4%)3 
'  ~  Ô  ;  ;  I  6 . .  I  ,  à  
(2j+l)(2k+l) j j '  kk' mm' nn' 
I j t (2j + 1)(2k+l) 2—2 5., ,  (5(v-v')+ 6-0 6(v+v')) 2U +^  )  ^ 
tj 'C' ' J "^3  ^ J J J k)^  ^+GU, V, V, j ,  ) .  (5.3 0) 
For f ixed v' j  j j  and k_, G is a continuous function of v on 
any closed interval containing v '  since i t  has a uniformly convergent 
integral representation (23) 
CO 
G(v) = J* g(v, a)  dtx .  (5.31) 
o 
2 2 However 5*28 must be zero unless &= and v '  = v since for f ixed 
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k and n the functions 
(L) = Dj; k,(L) (5.32) 
carry a representation of the Lorentz group and 5*28 may be considered 
to be the inner product. I f  we take matrix elements of the dif ferential 
2 2 
operators (8) representing J • K and J -  K we f ind 
(-Lv -  = 0 
-  v ^ ) l  =  0  
I t  fol lows that G is identical ly zero and 
25*4 
(5.33) 
*Jj '  ^kk'  ^mm'  ^nn '  
[ô(v-v') + 6(v+v')]  (5«34) 
t  > Oy V real -
In the derivation of 5-34 ^ was assumed to be nonnegative. In 
certain expansions i t  wil l  be convenient to use the symmetry 
"KknC-) -  "S'kn (L)  
and assume v>0, t  = 0^ + -^ ^ + .  .  .  .  
In this case 5.34 becomes 
zS,'* 
'  '  V' 5(v-v') Sj j ,  Gkk, 6^. (5-35) 
V •> 0, -T = OJ + + 1, .... 
A sum over al l  irreducible representations in the principal series wi l l  
then have the form 
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S ^ dv .  
^=-00 o 
This form has the advantage of including each representation once while the 
form 
CO 00 
2 J" dv 
J( = 0 -co 
contains the ^=0 representation twice. 
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VIo HARMONIC FUNCTIONS FOR THE POINCARÉ GROUP 
A. An Angular Momentum Basis 
We consider a basis for the Poincare group in which states are 
labeled by irreducible representations of the Lorentz group. States in 
this basis have the form 
(mj s ;  Vj j J mx V > 0_, ^ = 0^ + Y , + ? j . ». . (60 i ) 
where m is the mass, s is the spin, and the numbers Vj m specify 
a representation of the Lorentz group in an angular momentum basis. We 
assume states have the normalization 
/ M, s; Vj j ,  m I  M, s; C, v'; ,  j ' ,  m'> = 
ô ( v - v ' )  6.y 6^, .  (6.2) 
I f  L is a Lorentz transformation, the basis 6.1 has the transforma­
t ion law 
LjM, s ;  I ,  V, j ,  m> = S '  im(L)lM, s ;  v, jm'> 
j  ',m' J ^ 'J" (6 .3) 
where the transformation matrices are defined by 3.27. 
In terms of the basis 6.1, a wave function 
^^P, \ )  = (Pj s, \ |Y> (6.4) 
h 
has an expansion 
Y(p, \ )  = Z /  dv aj^ (p, s, 
o 
(6.5) 
where jp, s, . \> is a hel ici ty state, 
h 
Yj'^(p, s,x) = p, s, \ jM, s; t ,  V, j ,  m > (6.6) 
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and 
^jm ^ (M, s; V, m ) Y) ,  (6.7) 
The expl ici t  form of fol lows from the definit ion of the jm 
hel lci ty basis, 3.30, and the relat ion 
(  Pj  s, \(M, s; V, j ,  m > = 
(6.8) 
N(H, s ,  t ,  V) 6J3 6^^ 
The result I  s 
Yj|!^(pj,  s, \)  = p, s, Xle"^'^3 e'9J2e:^J3 |m, s ;  v_, j ,  m > 
= N(M, s; v) (-a, v) (0, -  ({)) (6.9) 
where D;^ Isa rotat ion matrix (18) and Af-* Is defined by 5°1. A.ni A. 
The magnitude of N is f ixed by 6.2. To see this we expand 6.2 In a 
hel l  ci  ty basi s. 
<M;, s;  V, m {M, s; v ' ,  jm'> = 
-3 » .  I  .1 
s, < 
\ "^O 
z (p. s, X) (6.10) 
Upon the change of variable 
sinh^cc ctx sin 6 d0 dd) 
Po 
6.10 becomes 
2 œ ir Z j x  
— S f  sinhadarj sin6d0|* d(j) 
\  o o b 
N(M, s, v) A^-^ (3, v) -% -0) 
N(M, s, v ')  A®j'(a, v ')  0^^, (0, -e, -({)) (6.11) 
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Sj v) 1^ 2 
= ^2 ^2 (2s+l)^ 6^, 6(v-v') 6j j ,  6^, _ 
The last step fol lows from the orthogonali ty relat ion 5°34c 
The f inal result is then 
vj-^Cp. s, x) = 
jr 
1 
2s+l 
(-a, v) -e, -( j)) (6.12) 
where a choice of phase has been made. 
A representation (Mj s) of the Poincare group contains only values 
2 2 
of t  satisfying •< s .  Therefore the Lorentz harmonics for low spin 
may be expressed in a simple form with the aid of 5»19" For example 
the cases s = 0 and s = 1/2 may be expressed in the form 
(p- = 
QXM, 5. J, X) DJ^(0, -e,-*) 
( i-y2)j-s F, ( j - \+l,  j  + iv+1, 2J+2, 1-y )  2 1 
where y = e 
and 
a  
Q.(Mj Sj J j  \ )  = 
31 M 
( j+s)î 2s] ( j+\) i  r ( j  + iv+l) r ( j- iv+l) 
( j-s) i  2j i  (2j+l)!  (s+\) i(s-\) i  r (s+iv) r (s- ivj  
In the case of spin zero (6.13) becomes 
^jm M(2j+1) 
2r ( j+iv+l) r ( j- iv+l) 
r( iv) r(- iv) 
1 
2 
(6.13) 
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-1/2 -1/2-j  
(sinh a) ^-1/2 - iv (cosh a) (9, (6.14) 
where is a spherical harmonic and Pisa Legendre function. The 
Legendre functions with upper index - j-1/2 may be expressed as a f ini te 
number of terms (21). For example 
9 1/2 sin 
P (cosh a) = (—) Y7Ô 
-1/2-iv v(sinh cc)  
The asymptotic behavior of the functions implies that the 
\ -5 
-1 functions Y?^ are square integrable with the measure Pq dp unless 
% = ± 
Final ly we note that the expansion coeff icient 6.7 is given by 
ajm = ^j 'm (P' (6.15) 
B. A Conformai Group Basis 
We now consider harmonic functions of the form 
(P, s, x) = ^(P, s, X I M, s; y, r^ m> (6,16) 
where v, r ,  m) is a conformai group basis state for the Lorentz group. 
This set of functions may be obtained from the previous section with the 
aid of the expansion coeff icients 4.24. The result is 
xjr j j j  (P;, s,  \ )  = s f j  (r,  v) YfjJJ (p, s, \ ) .  (6 .17) 
j=m 
However a much simpler expression may be obtained with the aid of the 
Iwasawa decomposit ion. 
According to the Iwasawa decomposit ion, the Lorentz transformation 
h"\p) e"'4U3 = e'^ '^3 e'GJ2 (6.18) 
rm 
(6.19) 
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may be expressed in the form 
^IQ:K3 giejz ^ .  
The expl ici t  form of RAN, which is derived in appendix C, is 
RAN =  e 'S 'JZ e /a 'KS 
where 
sin 8 
^ ^ cosh oc - cos G sinh (3 ,0<e < -n 
~cc ' 
e = cosh a - cos 6 sinh a 
s i  nh C% s in 6 
^ cosh cc ~ cos 6 sinh q: • (6.20) 
Therefore 6.16 may be writ ten as 
' ' rm (P' = 
H<P:. X |e'^ e'° '^3 g'-'st |m, s, t, v ,  O 
The f inal result,  which fol lows from 4.17 and 6.3 is 
(P. s, X) = ^  ^ 
(6.21) 
s (- Q') f^ (^ 'r ,  v) à^_Jbr) (6.22) 
n=-s 
where J is a Bessel function df is a rotat ion matrix and f^ is defined Xn n 
by 4.24. 
We note that the simplest set of harmonic functions is obtained in the 
basis 
\P j ,  s,  = L(p, p ) I  p, s, \> 
where 
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L{p, ?) = g-IJst .  (6.23) 
in this basis the harmonic functions are 
(P;, s,  \ )  = x<P, Sj \  I  s; V;, r^ m> = 
4îr ^ Èr (6-^'') 
a '  id) 
bj  e and e ~ may be expressed in terms of p. The result is 
b = -  "/Px + Py 
Pq •  P-z 
e 
-a '  ^o 
M 
^Px + Py • 
(6.25) 
The orthogonali ty relat ions 
z r  j fp xfv (p, s, I )* )f :^;(p, s, \ )  = 
fi^i  6(v-v')  r6(r-r ' )  6^i (6.26) 
fol low at once from 6.17 and 6.2. The orthogonali ty relat ions may also 
be calculated from 6.22. I f  we make the change of variable 
= M -y bdb dd) (6.27) 
Po y 
,  a '  
where e = Vj 
51 
we f ind 
' r  fr,  « \  X- (P,  S,  .)•• X J -.- .CP, S.  X) = 
o 
[({ .W)a'^+v'^)]^ 
2:1^ (2s+1 ) 
S .f  ( ry ,  v)  f ^  ( r ' y ,  V,  v')  
\  o y-
X Vx"" " '  Jm'-x(br ' )  J"  e " 'd*  
[  a^+v^)a'^+v'^)]^ 
rô(r-r ' )  6__i 
n (2s+l) """" 
s f  ^  f^ *(y, t ,  V) f= (y, V, V). (6.28) 
Therefore the expansion coeff icients f^ satisfy the orthogonali ty 
\ 
re 1 at i  on 
S r -4  ff  " (Va v)  f%(y,  v ' )  = 
\=-s o ^ ^ 
5,. ,  6(v-v') .  (6.2%) 
As in the previous section, any norma]izable function may be expanded 
in terms of the harmonic functions 
rm 
CO CO 
dr wLv 
' t 'Cp, s, k) = S Jdv f  — a^^ (p, s, \ )  
m o o 
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where 
_ / 
a -  s  (p. S.  x f  Y (p, s, X)  .  (6 .30)  rm «JVn_ *"1 r  ^ J2po 
Final ly we l ist  the harmonic functions for the cases s = o and 
1 
s -  2 • 
± 
re" '  K. (re" ')  .  IV 
1 
~l/2v / _L JL\ _ 1 r ]  12 im(|) 
rm 2' 2' ~ j tM ^r( l /2+i v)r(1/2-i  v) 
Jm-1/2 (br)[e r ]  ^ 
~l /2v / 1 ]\ r 1 i2 im(|) 
^ rm 2 '  ~2 '  ~ «M ' t(1/2+i v)r(1/2-i  v) 
Jm+l/2(br) [e r ]  ) 
Here J and K are Bessel functions. 
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V I I .  A P P E N D I X  
A. The General Expansion Coeff icient 
In this appendix we prove 4.3 0. We consider the case of lowering 
operators act ing on f j •  The proof for raising operators is similar. 
We prove 4.30 by induction on m. For m = j  4.30 reduces to 4.28 and 
r r^J*^K^_.^(r) K^^j^(r) dr = [  B v, j  )] = (7.1) 
Next we prove that the step down operator act ing on fj j^ y ields fj |^ ^.  
For convenience we write 4.3 0 as 
f i ( r ,  t ,  v) = B(m) S a^{m) rJ* '"" ,  (7-2) 
We obtain an expression for f^^^ from 1.2. by operating with the step 
down operator 4.27-
t ,  v) = 2r(J^mî 
+ r" -  (e+m-,)2] S a„(m) rJ* '-" (7-3) 
where 
d e = r 
dr  
We use the relat ions 
to obtain 
e K^(r) = -w K,(r) -  rKy_,(r) 
= M K^(r) -  (r) (7-4) 
r(. t+iv)^+r^-(e+m-l)^] rJ +  ^ "  Kt- iv+m+n-j 
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t4te- j+n)( iv+J-n) K^.j^+m+n-J 
+2(m+J-n)r ]  .  (7-5) 
A recurrence relat ion for a^(m) fol lows from 7*2^ 7-3^ and 7-5° The 
result i  s 
[( j+m-n) a^ (m) 
+2 (^- j+n) ( i  v+j-n) a^_^(m)] (7-6) 
Upon substi tut ion of the expl ici t  form of a^(m) in 7-6 and use of the 
propert ies of (x, n), 
(x^n)(x+n) =(Xj n+1), (x, n) = x(x+l, n-1 ) (7.7) 
we f ind 
(-2)"(m-l- j j  n) i t~j j  n) (- iv- j ,n) 
a_(m-l) = (7.8) 
( l^n) (-2j,  n) 
which completes the proof. 
B. An Integral Representation 
In this appendix we drive the integral representation 4.32. We begin 
with 4.30. 
f ; i ,(r ,  v) = B(&, V, J, m) S 
n 
(-2)"(-m-j,  n)(t-J% n)( iv-J, n) r^*^ "  ÔTÔT j^T^Ô Kj+m-n-^-iv 
B(-C, V, j ,  m) = 
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21 • (2, + nj  
2^^ '  (j+m)i ( j-m)i (J+&)1 ( j--L)i  r ( j  + iv+l) r ( j- iv+l) 
1 
2 
We assume + m ^ 0 and define a new index of summation 
n'  = j  - ^ - n (7.9) 
The symbols (a,n) appearing in 4.3 0 may be writ ten in the form 
n').  The result is 
U-j, n) = r O-i+1) 
(I, "•) 
(-m-j,  n) = (-1)" rO-l- iH-l) 
r (m+^+l )  (nH-t+l,  n '  )  
( iv- j ,n) = r(J- ivH-l) 
v+1 )  (-t- i  v+l j  n '  )  
(-2J, „)  = r(2J+') 
rU+t+i )  (t+J+l,  n')  
(1, n) = ±±^ ru-t+n (7.10) 
( t - j  J, n '  ) 
With the aid of 7"1P, 4.30 may be writ ten in the form 
.  r ( j+nH-i) r ( j- iv+i) r ( j+t+i ) 
f l / r ,  t ,  v) = BU j V, j ,  m) 
r(^- iv+i) r(t+m+i) r(2j+i) 
"  (1, n')(m+'t+l j  n ')(-t- iv+l,  n '  )  (n +m iv) .  
(7.11) 
Final ly we substi tute the integral representation (20) 
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K^(z) = Y ( |)" r e' t" 4? t"»" '  
°  larg z| < 5 
(7.12) 
for K to obtain 
f i (r .  t .  v) = CU, V, i, m) 
2 
m 
e-t-TE (m-'v- l  /J+t+L -t- j  ;  ) y 
2*^2 W^+1, -t- iv+i;  (7.13) 
where 
C(t,  V, j j  m) = 
r( j- iv+i) 
r(&-iv+l) (-t+m). '  
( j+m)i ( j+t)!  (2j + l )  
_ 2 r ( j+iv+I) r ( j- iv+?) ( j-m)] 
1 
2 
C. A Special Case of the Iwasawa Decomposit ion 
We prove 6.19 by choosing the fol lowing representation for the Lie 
a 1gebra. 
1 ,01 
1 
1 ,0- i  
2 ^ 1 0 ^  —  ? ( :  n )  2M 0' 
J  =  I f l o  )  
•^3 2^0-T' 
K, = 
•<2 =l(-Vo) S = î<ô- i  )  
f  =  o  1 = (o'o' (7.14) 
The corresponding representations of one parameter subgroups are 
•^^3 . i f  V :4J2 _ CO? G/2 s i n  e / 2  
-sin -0/2 COS •0/2 
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= ( :  : i  ^  e ' - .  :  :  
0 
=  1 -  ^ a / l j  ( 7 . 1 5 )  
Therefore a general Lorentz transformation has the fol lowing 
representation in the Iwasawa decomposit ion. 
RAN = e i(t lJ3 , iYJ3 i a -Ks  , !aP ^ibCl 
o: '  .  dM-Y a '  .  a '  ,  .  (b+Y 
^"  2 g, r 2- + '  -2- -2- + '  
[e cos le sin  ^  + (b+ia) e cos —] 
a '  .  Y-A a '  .  Ô+Y a '  ^ .  Y-d) 
~ô~ ' •J o ' ~'ô~ •*" ' —-Q'  2  g  I  ^  2 . 6 '  [ -e sin Y"] [® cos ^  - (b+ia) e sin —] 
> 
(7.16) 
The left  side of 6.19 has the representation 
a  a  
/  " 2  Q ~2 . e \  
^iaKg = 
a 
2 
-e 
cos Y 
.  G 
s i n  Y  
a  
s i n  2  
G  
cos 2 
(7.17) 
Upon equating 7-16 and 7»17 we f ind 
a = (j) = Y = 0 
I 
e = cosh cx  -  cos € sinh a 
s i n  0  '  =  ^  ^  0  <  Q '  <  T i  
cosh a -  cos e sinh a 
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b -  -  s i n  «  s i n h  a  (7.,8) 
cosh CÙ -  cos € sînh a 
which completes the proof. 
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